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Self-Dual SU(N) Gauge Fields
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We give a method by which we can construct solutions to the self-dual SU(N)
gauge field equations, some of which can be chosen as seed solutions.

1. INTRODUCTION

Belinskey and Zakharav (1978, 1979) established the theory of the
soliton solutions for gravitational fields, and Letelier (1984, 1985), Zhong
(1990), and Gao and Zhong (1992) developed it extensively. The field equa-
tions for the self-dual SU(N) gauge fields have a similar form to the BZ
equation for the gravitational field. Letelier (1986) studied the SU(5) case.

In this paper we find that the seed condition for the gravitational BZ
equation can be applied to the self-dual SU(N) field equation. By studying
the three seed solutions proposed by Letelier (1986), we see that they are
block-diagonal, and we give a method by which a number of self-dual SU(N)
gauge field solutions can be constructed and chosen as seed solutions.

2. SEED SOLUTION CONDITION

For the axisymmetric vacuum gravitational field, the line element can
be taken as

ds? = f[e"(dp® + dz?) + p? dd?] + f(dt — w db)? 2.1
where f, w, and T are real functions of p and z, and 7 is determined by f and
w. Consider the BZ equation

L3 M(J) - M~ ()] + 3.[pa, M(J)-M~'(J)] = 0
det M(J) = (—1Y, MTJ) = M(J) 2.2
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where J = 1, 2, the symbol T denotes matrix transposition, and M(J) is the
2 X 2 double matrix

11 Q)
M(’)‘FJ)<Q(J> 92(J)+(—1)’F2(J)) @3

From the double solution of equation (2.3) we obtain a pair of gravitational
dual solutions (f, w) and (f, ®):

f=FQ) F=T(F(1)y)
0 = Vip((2)) o = (1)

T(F(J)) = pF ()

Ve (W) = J pF (N3 Q) - dp — 3,0J) - dz] (24)

According to Gao and Zhong (1992), there are two seed solution
conditions:
(i) The seed solution M(J) satisfies

Mo(J) = Moy, - .., 95 J) (2.52)
(ii) The seed solution M(J) satisfies

d d _
I:-—.MO(‘PI’ ey Por J).MO 1(‘P17 sy Py J):I =0 (25b)

a‘Pi a‘Pj
where @, ..., ¢, satisfies V2p, = 0. The corresponding inverse scattering
wave function can be directly obtained as
Yo = Mo(@1 = Yig, ..., @5 Y3 J) (2.6)

where the arrow denotes that @, is replaced by Y, with

1
Yu=3 J [P/ IPpital) s = Dbl - 3:p,] - dip

1
= 5 | OO0 3000 + G- 00

P = ) — z = [0f()) — 20Tz + 2% + 12 2.7

For the gravitational BZ equation, the seed solution M(J) and the corres-
ponding inverse function {s; are 2 X 2 matrices. One can prove that the seed
solution conditions (2.5a) and (2.5b) can be applied to the case of the self-
dual SU(N) gauge fields, in which M(J) and {5y, are N X N matrices (N =
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2) and J is merely the ordinary complex number unit, so that the N X N
matrices M and iy, are ordinary complex matrices.

3. SOLUTIONS TO THE SELF-DUAL SU(N) GAUGE-FIELD
EQUATIONS

For the self-dual SU(N) gauge field equation
073,88 + o088 H =0 3.1
gis an N X N Hermitian matrix with unit determinant, det g = 1, the variables
{ and m are the ordinary complex coordinates related to the four-dimensional
Euclidean Cartesian coordinates, and { and M are the complex conjugates of

{ and 7. _
Let r = (2L)" and z = (q + E/ﬁ. Then equation (3.1) reduces to

6r(rarg'g_l) + az(razg 'g_l) =0
gt =g detg=1 (3.2)
The soliton solutions of equation (3.2) are obtained by using
8ab = (80)ab — g, NOT Y, NP g

Ty = m®m%(r? — wix) = Ty
m®m® = mP(go)aiy
NY = mP(g)pe  mP = miIMP

M(k) = ¢61|)\=p.k’ W =0 — 2 + [(ak _ Z)2 + r2]1/2
det g, = (—1)"r2"(ﬂ m,rZ)-da «
=1

g = g,/(det g )N (3.3)

where 55 is a N X N complex matrix function of p and z, A is a spectral
parameter, and g, is a seed solution to equation (3.1) with the determinant
det go = 1.
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For N = 5, Letelier gives the following three seed solutions:
go = diag(m;e®, me®2, mze®, me®, mse®) (3.4a)

ne® 0 0 0 0
0 me®” 0 0 0
0 me® 0 0 (3.4b)

8o = 0 :
0 0 0 b, €%
0 0 0 e 9
m 0 0 0 0
0 ¢, €2 0 0
=0 e 0 0 0 (3.4¢c)
0 0 0 by
0 0 0 e 0
where the coefficients m; (i = 1, ..., 5) take the value *1. Here C, and C,
are two arbitrary real constants; ¢; (i = 1, ..., 5) satisfy V2p; = 0, where

the operator V2 = 82 + (1/r)d, + 07 and det g = *1. By using the above
three seed solutions (3.4), the corresponding inverse scattering wave function
can be directly obtained. Considering the seed solution matrices (3.4b) and
(3.4¢) as supermatrices, we see that they are block-diagonal. Rewriting the
formulas (3.4b) and (3.4c), we have

8o = diag(Rh R29 R3s R4)
¢ o ¢4 eiC4
Ri=me®,  Ry=me®  Ry=me® Ri=| ¢, ] (59

gO = diag(Rb R27 R3)
eiCZ eiC4
Ri=m, Ry= (??CZ , Ry= ‘_1’,-“64 (3.5b)
e 0 e 0

where the supermatrix elements R; (i = 1, 2, 3, 4) satisfy equation (3.2).
In conclusion, we write the seed solutions as

g=2 DR (3.6)

where R; are i X [ matrices ({ = 1, ..., N — 1) which satisfy equation (3.1)
and the determinant det R, = *1.

In order to seed the solutions of equation (3.1), we construct the following
supermatrix g:



Self-Dual SU(N) Gauge Fields 2249

mR; O Mo Rox
N1 Re—1 O  mMy-2Ry—
Q © R, ° Q (3.7a)

Mak-2R3—2 O Nes1 Riat

Mo Rok O Mox—1Rok-1

mR Q MNakr1 Rt
MRy M3 Rae O
Q MRt Murt Rt (3.7b)
Noier1 o O NoeRos

where the determinant of the supermatrix (3.7a) and (3.7b) is det g = =1,
noticing that the matrix g for det g = —1 is a nonphysical solution. n; are
real constants (i = 1, ..., 3k) and R; are { X { matrices (( = 1, ..., 3k)
which satisfy equation (3.1) and the determinant det R; = *1.

For the case N = 5, we have three seed solutions. First,

e 0 0 0 mees
0 me® 0 me®” 0

%=1 0 0 mze®™ 0 0 (3.8a)
0 me¥ 0 met 0
nee?s 0 0 0 mse®s

where &; (i = 1, ..., 7) satisfy V2d; = 0 and g = (d; + $s)/2, &7 = (s
+ )2, 2 ;= 0,and m; (= 1, ..., 7) satisfy n3(mms — nd(Moms —
m3) = =*1. Second,
"]1¢41 Mmet 0 mad; M3
The_lcl 0 0 '\']3€-ic3 0
o= 0 0 m 0 0 (3.8b)
Mmbs MR 0 mb, M
’r]3e_ic3 0 0 nze_icz 0
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where &; (i = 1, 2, 3) satisfy V2$; = 0 and C; (i = 1, 2, 3) are arbitrary real
constants which satisfy C; = (C, + C)/2, and m; (i = 1, 2, 3) are real
constants which satisfy ns(nm, — m3) = =1. Third,

d; O 0 0 g
0 1 0 0 0
go=| 0 0 hyd, b)) ho(dby, b)) O (3.8¢)
0 0 h0(¢1’ ¢2) h—(d)l’ ¢2) 0
e ¢ 0 0 0 0

where &; (i = 1, 2, 3) satisfy V2¢; = 0 and C is an arbitrary real constant;
ho(dy, &,) and h.(d,, d,) are given as

by = [di/(&F + B3] sh(d? + ¢
he = ch(d? + B2 = [$o/(&F + 47 sh@ + $D?  (3.9)

According to formulas (3.8a) and (3.8b), we can construct the self-dual
SU(N) solutions for both N = odd and N = even. In fact, a number of
solutions can be obtained and the solutions (3.8a)—(3.8¢) can all be chosen as
the seed solutions of equation (3.2), which satisfy the seed solution conditions
(2.5a) and (2.5b). The corresponding inverse scattering wave functions similar
to formula (2.6) can be obtained as

Yor = ¢|)\=p,k = g(d; — Yp)

1
Yo = 2 f ()0, W * 0,d; — 9y - 3,0)) dp

- % J (OB, 9.0; + i 3,0) dz (3.10)

where the arrow implies that ¥, substitutes for &;.
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